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M. Sc. DEGREE END SEMESTER EXAMINATION - APRIL 2026
SEMESTER 2 : MATHEMATICS
COURSE : 24P2MATT10 : MEASURE THEORY AND INTEGRATION

26P271

(For Regular 2025 Admission and Improvement/Supplementary 2024 Admission)

PART A
Answer any 8 questions

By using properties of outer measure , prove that the interval [0, 1] is not
countable.

Define Lebesgue integral of a bounded measurable function over a set of
finite measure.

Define the integral of a non negative simple function over general measure
space.

State Monotone convergence theorem over general measure space.

Prove that a real valued function that is continuous on its measurable
domain is measurable.

Let A be the set of all irrational numbers in [0, 1]. Prove that m*(A4) = 1.
Show that the sum and product of two simple functions are again simple.
Define what it means for a set to be measurable.

Let (X, M, i) be a measure space. Suppose A, B € M and A C B.Then
prove that uA < uB.

Define measurable functions over a general measure space.

PART B

Answer any 6 questions
For a finite family { f }7_, of measurable functions with common domain
E, show that the functions maz{ f1, fo, ..., fn}
and min{ fi, f2,..., fn} are also measurable.
Let f be a nonnegative measurable function on E. Then prove that
[z f=0iff f=0a.e.onE.
State and prove Beppo Levi's lemma over general measure space.
Show that outer measure of an interval is its length.
Let R be the collection of measurable rectanglesin X X Y and fora
measurable rectangle A x B, define A(A x B) = u(A).v(B). Then
prove that R is a semiringand A : R — [0, oo] is a premeasure.
State and prove Hahn's lemma.
Show that outer measure is countable subadditive.
Let A € X and {E}}}_, be a finite disjoint collection of measurable
sets.Then prove that p* (AN [UF_, Ex]) = > 1y w* (AN Ey).
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PART C

Answer any 2 questions Weights: 5
19. Construct Cantor set and show that it is closed, uncountanble set of (An)
measure zero.
20. Prove that the class M of u* measurable sets is a o algebra. If it is the (A)
restriction of u* to M, then prove that i is a complete measure on M.
21. A)Let f and g be integrable over E.
Then show that for any a and B, af + Bg s integrable over E and
(i) [plaf+Bg) =a [ f+B[g (An)
(i) if f < gonE,then [, f < [, g "
B) Let f be integrable over E. Suppose A and B are disjoint measurable
subsets of E. Then prove that fAUB f=0f+[sf
22. State and prove Vitali Convergence theorem. (An)
(5x2=10)
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