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M. Sc. DEGREE END SEMESTER EXAMINATION - MARCH 2026
SEMESTER 4 : MATHEMATICS
COURSE : 24PAMATT16 : FUNCTIONAL ANALYSIS - Il
(For Regular 2024 Admission)

PART A
Answer any 8 questions

Determine the adjoint of a diagonal operator on a Hilbert space H, which is
represented by the diagonal matrix dia(k1, ko, . . .).

For A, B € BL(H), where H is a Hilbert space, show that
IAB|| < ||All[|B]|.

Define orthonormal basis of a Hilbert space. Give examples of orthonormal
bases for K™, 2 and L*[—, 7).

Let A € BL(H) be self adjoint. If < A(z),x >= 0forall z € H, show that
A=0.

Show that convergence and weak convergence coincide in a finite dimensional
normed linear space.

If E is an orthonormal subset of an ips X, show that ||u — v|| = /2 for any
u#vekE.

Let A, B € BL(H), where H is a Hilbert space. Show that

(A+ B)* = A* + B*.

Let {u, } be an orthonormal basis for H. If A € BL(H) is unitary, show that
{A(uq )} is also an orthonormal basis of H.

Suppose that {A,, } is a sequence of bounded linear operators on H such that
A, — Ain BL(H).If A, is self adjoint forn = 1,2, ..., show that A is self
adjoint.

State the Bessel's inequality.

PART B
Answer any 6 questions

Let H be a Hilbert space. If A € BL(H), show that there is a unique
B € BL(H) suchthat < A(z),y >=< z, B(y) >, forallz,y € H.

Let H be a non-zero Hilbert space. Show that if H is separable, then H
admits a countable orthonormal basis.

Let {uq } be an orthonormal set in a Hilbert space H.If {u, } is an

(e}
orthonormal basis for H, show that forz € H, ||z||> = 3 | < @, un > |°

n=1

where {uy :< z,uq ># 0} ={u, : n=1,2,...}.

Let X be a normed linear space and assume that X' is separable. Show that a
bounded sequence in X need not contain a weak convergent subsequence.
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Let A € BL(H). Show that A is unitary if and only if

|A(x)|| = ||z||, V& € X and A is onto.

Let H be a Hilbert space over K of finite dimension n. If K = C, show that
the spectrum of every operator on H consists of n eigen values counting
multiplicities.

Let f be a continuous linear functional on a Hilbert space H. If y € H is the
representer of f and {u, } is an orthonormal basis for H, show that

y= i (un)un, where {un n = 1,2,...} = {Ua : f(ua) # 0}-
n=1

Let X be a separable normed linear space. Show that every bounded
sequence in X' contains a weak* convergent subsequence. Can the condition
of separability of X be dropped? Justify your answer.

PART C
Answer any 2 questions

Let <, > be an inner product on a linear space X. For z € X, let ||z|| denote
the non-negative square root of < x, z >.

(a) Show that | < z,y > | < ||z|| ||y|| for every z,y € X, where equality
holds if and only if  and y are linearly independent.

(b) Show that || || : X — Kisanormon X and <,>: X x X — K isa
continuous function.

(c) Show that the nls (X, || ||) is uniformly convex.

(a) Define weak convergence in a normed linear space X. If z,, l> T

and z, el 1y, prove that x = y.

(b) If z,, i> Z, Yn i> y in a normed linear space X over K, and k, — k
in K, show that x,, + y, Lz +yand k,x, Ny 9

(c) Show that if £, —> « in a normed linear space X over K, then x,, i) T
in X. Is the converse true? Justify your answer.

(d) If 2, % % in a normed linear space X over K, show that

x € co{z1,x2,...}.

Let H be a Hilbert space over K.

(a) For f € H', let T(f) be the representer of f. Show that the map

T : H' — H is conjugate linear, onto and satisfies || T'(f)|| = || f||-

(b) Show that the dual H' of H is a Hilbert space with respect to the inner
product defined by < f, g >'=< T(g),T(f) > forall f,g € H'

(c)Fory € H,let j, : H' — K be defined by j,(f) = f(y) forall f € H'.
Show that j, € H" and the map J : H — H" defined by J(y) = jy is
linear, onto and satisfies || J(y)|| = ||y|| forally € H.

State and prove the spectral theorem for compact self-adjoint operators.
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