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PART A
Answer any 10 (2 marks each)
Say True or False ‘ If * is a binary operation on any set G, thena *a = q,foralla € G.

Let S be the set of all real numbers except —1, define a binary operation * on S as a * b =
a + b + ab then find the solution for the equation 2 * x * 3 = 7.

Find the number of cyclic subgroups of U(10).

1 2 34 5 6
2 1 35 4 6

Prove that every group of prime order is cyclic.

If a = ( ) find o~ L.

Express the following permutation a as product of disjoint cycles and product of

1 2 345 67 8
3 6 41 8 25 7

Let R* be the group of nonzero real numbers under multiplication, ¢: R* - R* , defined by

transpositions, where a = ( ) Also find O(«).

@(x) = |x|, prove ¢ a homomorphism. Also find Ker.
Define a normal subgroup with example.
Say true or false Z3 X Zg is isomorphic to S,. Justify.
Find all units and zero divisors of Z,.
Show that 2Z U 3Z is not a subring of Z.
Find all maximal ideals of Z;,.
(2 x 10 =20)

PART B
Answer any 5 (5 marks each)
Show that a non empty subset H of a group G is a subgroup of G if and only if ab™! € H, for

alla,b € H.

Let G be a group and a be a fixed element of G.Show that H, = {x € G|xa = ax} is a
subgroup of G, is this subgroup abelian.

Construct the group table for D5, the symmetries of an equilateral triangle.

Prove that every permutation on a finite set A is a product of disjoint cycles.

Compute the factor group of Z, X Zg/ < (0,2) >.

Define kernel of a group homomorphism, and show that kernel of a homomorphism is a

normal subgroup.
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Prove that the set of Gaussian integers Z[i] = {a + ib;a,b € Z} is a subring of the ring of
complex numbers C.
Prove Fermat’s theorem and using it find the reminder of 347 when divided by 23.

(5x5=25)

PART C
Answer any 3 (10 marks each)
a) Find all subgroups of Z,g and draw the lattice diagram.

b) Prove that any cyclic group of infinite order is isomorphic (Z, +).
a) State Lagrange’s theorem. Is the converse of Lagrange’s theorem is true, justify?
b) Let H be a subgroup of a group G, prove that the relation a =; b(mod H) if and only if
a™'b € H;a,b € H is an equivalence relation. Also find the equivalence class.
Let H be a subgroup of a group. Show that the left coset multiplication is well defined if and
only if every left cosets of H are the same as the right cosets of H.
a) Show that a field contains no proper non trivial ideals.
b) Prove if p is a prime, then Z,, is a field.
(10 x 3 = 30)
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