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PART A
Answer all (1.5 marks each)

b —b
Provethat/ fdag/ fda.

Let f and g be two functions of bounded variation on [a,b]. Prove that fg is of bounded
variation on [a,b].

Discuss the uniform convergence of { f,, }, where f,(z) = z"; = €[0,1].

If f1, fo € Z(a) on [a,b], then prove that f1 + fo € Z(a) on [a, b].

Define Uniform closure. Prove that a sequence { f,,} converges to f with respect to the metric
of €(X) if and only if f, — f uniformly on X.

If fis continuous on [a,b], then prove that f € Z(a).

Prove that lim (1 + z)¥/* = e.
z—0

Distinguish between pointwise and uniform convergence of a sequence of functions.
Does there exist a function which is neither of bounded variation nor Riemann Integrable.
Justify.

Let{a;;},i=1,2,3,...;5=1,2,3,... be adouble sequence. If

o0 o0 o o0 o0
g laij| = b;,4=1,2,3,...and ) b; converges, prove that E E a;; = E E a;j
— L £ L £

PART B
Answer any 4 (5 marks each)

Suppose {fn} is a sequence of functions defined on E and there exist sequences of real
numbers {a, } and {z,} € Esuchthat|f,(z,) — f(x,)| > an, Yn .Then prove that f,
does not converge uniformly to f, ifa,, - 0.

State and prove the fundamental theorem of calculus.

Prove that f € Z(«a) on [a,b] iff for every € > 0, there exists a partition P such that
U(P7f7a) _L(P7f7a) <e
Find the total variation of the function f(x) = sin 2z over the interval [0, 27].

o0 n

z

If E(z) = Z —, prove that E(z) = e* Vz € R

o n!
Let {fn} be a sequence of continuous functions which converges uniformly to a function f on
aset E. Prove that lim f,(x,) = f(z) for every sequence of points z,, € E such that

n—oo

T, »xandx € F.
(5 x4 =20)
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PART C
Answer any 4 (10 marks each)

a. Let f be a function of bounded variation on [a,b]. If ¢ € [a, b], prove that f is a
function of bounded variation on [a,c] and [c,b].
b. Find the total variation of the function f(z) = |z* — 4| over [-4,4].

OR
a) Define the total variation of a function of bounded variation. Prove that the total
variation is zero iff f is constant.
b) State and prove the additive property of total variation of a function of bounded
variation.

0 ife & C’
feZonlo1].

Let f(z) = { 1 ifz €C for all z € [0,1], where C is the Cantor set. Prove that

OR

b c b
1. Prove that if f € Z(«), /fda = /fda + /fda fora < c <b.

10
2. Evaluate / fda where f(z) = [logz] and « is the identity function.
1

If {f.} and {g,, } converge uniformly on a set E, Prove that { f,, + g, } converges uniformly
on E. Construct sequences { f, }, {gn } wWhich converge uniformly on some set E, but such
that { f,gn } does not converge uniformly on E.

OR
Prove or disprove: uniform limit of a sequence of differentiable function is differentiable.
State a sufficient condition for the uniform limit of a sequence of functions being
differentiable

o0 o0
Suppose chx” converges for |z| < R, and define f(z) = ch:c” (|z| < R), then
n=0 n=0

o0
prove that Z c,x" converges uniformly on [—R +€e R — e], no matter whiche > 0 is
n=0
chosen and the function f is continuous and differentiable in (—R, R) with

fl(z) = Z ne,z™ b
n=0

OR

Introduce trigonometric functions using exponential series and hence derive any two
properties of them. (10 x 4 = 40)



