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Section A
Answer any 10 (1.5 marks each)
Prove that every weakly convergent sequence is bounded.

Define strong and weak* convergence of a sequence of bounded linear functionals
on a normed space.

If X and Y are normed spaces, prove that X x Y is a normed space under the
norm defined by ||(z,y)|| = [[z[| + [[yl-

Define Banach algebra. Given an example

Let A be a Banach algebra with identity. Then prove that the identity element of A
is unique.

Define compact linear operator.

LetT; : X; — X1, J = 1,2, 3 be bounded linear operators. If T5 is compact,
show that T' = T3T5T7 : X1 — X4 is compact.

Define a positive operator on a complex Hilbert space.

If T and T5 are two positive operators on a complex Hilbert space H, then prove
that

(@17 +15 > 0and

(b)T) <Ty =15 —T; > 0.

Find a linear operator T : R? — R? which is both idempotent and self adjoint.
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Section B
Answer any 4 (5 marks each)
Let X = {x € R|z > 1} C Rand let the mapping T : X — X be defined by
Tx = % + 2~ L. Show that T is a contraction and find the smallest value of o in
the condition of contraction.
Prove that every strongly convergent sequence is weakly convergent. Is the
converse true?. Justify.

Let A be a complex Banach algebra with identify ‘e
(a) When we say an x € A is invertible ?
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(b) Prove that the set "G" of all invertible elements of A is a multiplicative group.
(c) Prove that 'G" is an open subset of A.

Let A be a Banach algebra without identity. If we define

A = {(z,a)|z € A, ais ascalar}, then prove that A is a Banach algebra with
identity under the following operations

(z, @) + (v, ) (z +y,a+p),
B(z, (Bz, Ba), (z, a)(y, B) = (zy + ay + Pz, apb)

(=, a)ll = [|z[ + |«
Let B be a subset of a metric space X.
(a) If B is totally bounded, that prove that for any € > 0, B has a finite e-net
M, C B.
(b) If B is totally bounded, then prove that B is separable.
Let P; and P; be projections on a Hilbert space H and let P;(H) = Y; and
P,(H) = Y;. Then prove that the following conditions are equivalent.
(a) P, =P P, =P
(b)Y1 C Ys
(C) N(Pl) D) N(P2)
(d) ||Pyz|| < ||Pox||forallz € H
(e) P, < P.
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Section C
Answer any 4 (10 marks each)

(a) State and prove closed graph theorem.
(b) Give an example of a closed linear operator which is not bounded linear.
OR

(a) Let X and Y be normed spaces and X compact. If T : X — Y is a bijective
closed linear operator, show that T ~Lis bounded.

(b) Show that the null space N(T') of a closed linear operator T: X —Yis a
closed subspace of X.

(c) Let X and Y be normed spaces. If T7 : X — Y is closed linear and

T5 : X — Y is bounded linear, prove that T7 + T5 is a closed linear operator.

(a) If X is a non-zero complex Banach space and T' € B(X, X), then prove that
o(T) # &

(b) If T € B(X, X), where X is a non-zero complex Banach space, then prove
that.

= lim /|77
n—oo

OR
(a) Let T : X — X be a bounded linear operator on a complex Banach space X.
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20.1.

Prove that forany Ag € p(T'), Rx(T') has the representation

Ry\(T) = Z()\ o)/ Ry, (T)7*! and the series is absolutely convergent
7=0

within the open disc given by|>\ )\0| < HR ( 7|

(b) Let T' € B(X, X) where X is a complex Banach space. If A, u € p(T'), prove
the following

(i) th — R)\ = ([L — )\)RNR)\

(ii) Ry, commutes with any S € B(X, X) satisfying ST =TS

(iii) R)\R =R R)\
(a) Let ( ) be a sequence of compact linear operators from a normed space X
into a Banach space Y. If (T},) is uniformly operator convergent, then prove that
the uniform operator limit is compact.
(b) Prove that the above result need not hold if we replace the uniform operator
convergence by strong operator convergence.
OR

LetT : X — X be a compact linear operator on a normed space X and let
A # 0. Then prove that there exists a smallest integer r (depending on A) such
that from n = r on the null spaces N(T") are all equal and if r > 0, the
inclusion
0 2
N(T)) C N(T)) C N(Ty?) C ... C N(TY)
are all proper.

Let (Pn) be a monotone increasing sequence of projections P,, on a Hilbert
space H.

(a) Show that (P, ) is strongly operator convergent (P,z — P,Vx € H) and
the limit operator P is a projection on H

(b) Prove that P(H) = |J P, (H)

n=1

N(P,)

(c) Prove that N(P) =

18

OR

(a) Prove that the spectrum o (T") of a bounded self adjoint linear operator
T : H — H on acomplex Hilbert space H lies in the interval [m, M|, where

m = Hlﬂfl(Ta: ;) and M = sup (Tz,x).
‘” |lz||=1

(b) Let T' : H — H be a bounded self adjoint linear operator on a non-zero
complex Hilbert space H. Then prove that m, M € o(T).
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