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Reg. NO ...ccvvvueeereeene, Name ..cccoceeeviviviicieeee e, 21P4040

M. Sc DEGREE END SEMESTER EXAMINATION - APRIL 2021
SEMESTER 4 : MATHEMATICS
COURSE : 16PAMATTI19EL : THEORY OF WAVELETS
(For Regular - 2019 Admission and Supplementary - 2018/2017/2016 Admissions)

Time : Three Hours Max. Marks: 75
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PART A
Answer All (1.5 marks each)
Define translation by k operator.
Prove that (z xy) * z =z * (y * 2) forall z,y,z € I*(Zy).
For any z € I?(Zy), prove that z is purely imaginary if and only if Z2(m) = —2(N — m)
If N is divisible by 2P,define a
pthstage wavelet filter sequence. Hence define the system matrix Al(n).

With the usual notations express f; and g; interms of upsampling operators and convolutions.

Suppose N is divisible by 2P. Suppose u;, v; € l2(Z(%l_1) forl=1,2,..,p.
Define f; = v1,91 = ug and forl = 2,3,..,p define f; = g;_1 * U1 (v;), prove that
fi = u1 * U(ug) * U?(ug)*. .. ¥U'2 (1) * U (vy) .
Define the trigonometric system. Hence define a trigonometric polynomial. Is sin(6 — 90) a
trigonometric polynomial ? justify.
If 2=(2(n))nez is square summable and a € C, prove that
az ,is square summable.
For z,w € 12(Z), define z * w.
Suppose z,w € [2(Z) andl € N. Then prove that D'(z) * w = D'(z * U(w)).
(1.5 x 10 = 15)

PART B
Answer any 4 (5 marks each)

Letb € I?(Zy) and Ty, : 12(Zn) — 12(Zy) be defined by Ty, (2) = b 2. Then prove that T}, is
translation invariant linear transformation.

Suppose N is divisible by 2!, x, y, w € l2(ZJlV/2) and z € I2(Zy). Then prove that

D!(2) w = D'(z* UY(w) and Ul(z x y) = Ul(z) x U'(y).

Describe the analysis phase and synthesis phase in a filter bank diagram through an example.

Let H be a Hilbert space.
i) If {fn}°°, isasequenceinHand f € H, prove that f,, — f implies < f,,g >—=< f,g >
forallg € H.
ii) If {a;} jez is an orthonormal setin H and z = (2(n))necz € 1*(Z), prove that
< > z(j)aj, am >= z(m) forallm € Z.
jcz
Prove that L2[(—, )] is a normed space.

(i) Define f(0) = 4%/@ when 6 # 0 and f(0) = 0. Prove that f € L?([—m, 7)) but

2 ¢ L*([-m,m)).
(ii) Prove that there exist z,w € I?(Z) such that z x w & 1*(Z).

(iii) Prove that z x § = z forall z € I?(Z).
(5x4=20)
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PART C
Answer any 4 (10 marks each)

(a) State and prove the Fourier inversion formula

(b) Derive the parsevel's relation.

(c) From (b) deduce the Plancherel's formula.
OR

(a) Describe first stage shannon basis for I*(Zy ) if N is divisible by 4.
(b) Deduce the first stage real shannon basis for I?(Zy).

N
Suppose N is divisible by 2', g;_1 € 1*(Zy) and the set { Ry 1,91}, is orthonormal
and has 21—]\_71 elements. Suppose u;, v; € lz(Zle_/lz) and the system matrix A;(n) is unitary for

all n=0,1,2,...,(N/2") — 1. Define fy = g1 * U (vy) and g; = g1 1 (x) U ().
With the usual notations provethat V_; & W_; =V ;4
OR

Describe Haar wavelet system.

Suppose f € L*([~m,m)) and < f,e™ >=0 foralln € Z. Then prove that f(6)=0a.e
ii) Prove that the trigonometric system is complete in L2 ([, T)).
OR

Suppose T : L?([—m,w)) — L?([—m, m)) is a bounded translation invariant linear
transformation . Then prove that T(e””e) = Ane™ for some A, € C and it is true for all
m e Z.

Suppose u, v € I*(Z). Then prove that B = { Rojv}rez U{Roru}rez is a complete
orthonormal set in 12(Z) if and only if A(6) is unitary for all § € [0, ).
OR

Letp € N.Forl =1,2,..,p, suppose u;,v; € I*(Z) and the system matrix A;(0) is unitary
forall§ € [0, 7). Define f; = v1,91 = uy,and forl = 2, 3,4, .., p define

fi=gi_1 * Ul_l('vl) andg; = gj_1 * Ul_l(ul). Then prove that fi, fo,...., fp, 9p
generate a p'* stage wavelet system for I2(Z).
(10 x 4 = 40)
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