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Section A

Answer all the following (1.5 marks each)
Prove that Z2(m) = VN < z,E,, >;0 <m < N — 1.
If B = {Ryv}l ! U{Raru}it,! is a first stage wavelet basis for 12(Zy), then
represent the construction of [z for any z € [*(Zy) by a filter bank diagram.
Describe the analysis phase and synthesis phase of a filter bank using diagram.
Prove that the sum of the number of components of all output vectors of the analysis
phase of the pthstage filter bank = N.
If N is divisible by 27, with the usual notations define f;, g; forl =1,2,3,....,p.
ik = Ry, fjand ¢_jr = Ry, gj, prove thaty_; o = fiand ¢_j0 = g; -

Define the absolute convergence of > w(n).
nez

When we say a complex valued function f defined on [—, ) is square integrable over
[—m, )2
Define the down sampling operator D : lz(Z) — lz(Z) and the upsampling operator
U:12(2)—12(2).
If z = (2(n))nez € I>(Z), prove that DoU(2) = z.

(1.5 x 10 = 15)

Section B
Answer any 4 (5 marks each)

(a) If z = (2(0), 2(1),...,2(N — 1)) € I*(Zy), what is 2?

Prove that (2)"(m) = 2(N —m):0<m <N -1

Suppose z,w € 12(Zy). Prove that

(i) (zxw) = Z *w.

(i) [D(2)]™ = D(Z),if N is even and

(i) [U(2)]” = U(2)

Suppose N is divisible by 2P . Suppose u, vy, € lz(ZN) are such that the system
matrix A(n) of u; and vy is unitary for all n.

Define u;(n) = Eizg_lul (n+ %) and v;(n) = EZ:B_lvl(n + —2]%) for



[=2,3,...,p. Ifwedefine fi =viandg; =wujandforl =2,3,..,p ifwe
define fj = g; 1 * U (v;) and g; = g;_1 * Ul (),
Then prove that Uy, Vg, Uy, V... Up, Vpis a Pth stage wavelet filter sequence.

14. i) When we say {2z, }7° ,,(M € Z) is a Cauchy sequence in [*(Z)?
ii) Prove that [?(Z) is Complete.

15. Suppose ujv € I*(2) are such that [Rov]re, U [Raru]pe is a first stage wavelet
system for [?(z). Suppose also that u(n) = v(n) = 0¥n < 0andn > N — 1.
Define u(y), vy € I*(Zn) by u(yy(n) = u(n) and vy (n) = v(n) for
n=10,1,--- N — 1. Then prove that [Ra,v(n | 5 —g U [Rartwy|5_o is a first stage
wavelet basis for [2(z,).

16. (i) Letw € I2(Z). Then prove that { Rojw}rcz is orthonormal if and only
if <w, Rypyw>=1ifk=0
<w, Ryyw>=0ifk#0
forall k € Z.
(ii) Suppose z, w € 1*(Z). Prove that
(@ U(zxw) =U(z) *x U(w).
) [U(2)]~ = U(3)

(c) (z*w)~ = Z xw.

(5 x 4 =20)

Section C
Answer any 4 (10 marks each)

17.1. (a) When we say a linear transformation 7" : 1?(Zy) — 12(Zy) is translation
invariant?
(b) Let T': I>(Zy) — I2(Zy) be a translation invariant linear transformation. Then
prove that each element of the Fourier basis F is an eigen vector of T.
OR

2. (a)Suppose z,w € I*(Zy). Then prove that for each m,
(zxw)"(m) = 2(m) w(m)
(b) Let z=(1,0,1,0) and w=(0,1,0,1) be two elements of [2(Z). Find 2z * w.
(c) Find (2 % w)"
(d) Find z and w and verify (z * w)" (m) = z(m)w(m) for m=0,1,2,3.

18.1. Suppose N is divisible by 27, 2 € I?(Zy) and uy, v1, Uz, v, . . . , Up, Vp are such
that u;, vy, € lz(ZJlV_/g) for I=1,2,...,p
(a) Define &1, X9, ..., Tp, Y1,¥Y2,--- -, Yp
(b) Define f1, fo, ..., fp1 91,92, -, Gp

(c)Forl=1,2,..,p, prove that
z; = D'(zx f,)andy; = D'(2 % §,)
OR

2. Describe real shannon wavelet system.



19.1. (i) Suppose H is a Hilbert Space, {a; } jz is an orthonormal setin Hand z € 12(Z).
Then prove that the series Y z(j)a; converges in H and
jez
IDEGOEEDWEE]S
jeZ JjeZ
(ii). Suppose H is a Hilbert space, {a; } ;7 is an orthonormal setinHand f € H.
Then prove that {< f,a; >}jcz € 2(Z)and | < f,a; > |* < ||£]*.
i€z
OR
2. Suppose f:[—m, m) — Cisboth continuous and bounded, say
|£(0)] < M forall0.1f < f,e™ >= 0foralln € Z, prove that f(#)=0 for all
0 € [—m, ).
20.1. (i) For k € Z, define the translation operator Ry, : 1*(Z) — 12(Z).
(i) When we say a linear transformation T : I2(Z) — I?(Z) is translation
invariant?.
(iii) Suppose T : 1?(Z) — I2(Z) is a bounded translation invariant linear
transformation. If we define b € [?(Z) by b = T(J), then prove that T(z) = b * z
forallz € 2(Z).
OR

2. Suppose u;,v; € I*(Z) for each € N and the system matrix A;() is unitary for
all @ € [0, ). Define fi = u1,91 = uy and forl € N,[ > 2, define
fi=g 1 U v)and g; = gi_1 * U1 (). If we define V_; forl € N as

Vi=1Y 2(k)Ryg1 : 2 = (2(k))rez € 1*(Z)] andif | V_; = {0}, prove that
kez leN
B ={Ry,fi: k€ Z,l € N}isacomplete orthonormal set in [2(Z).

(10 x 4 = 40)



