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Section A
Answer any 10 (1.5 marks each)
Describe the level sets of f(x1, 2, 23) = @2 — 22 + 23, forn = 0,1, 2.

Sketch the level sets f~!(c) forn = 0,1, 2, where f(z1,..., %y 1) = Zn:1 and
c=-1,0,1,2

1
Sketch the vector field on R? : X(p) = (p, X(p)) where X (1, z5) = (—2a, 5:01)

Find the velocity, the acceleration, and the speed of parametrized curve
a(t) = (cos 3t, sin 3t).

Find the velocity, the acceleration, and the speed of parametrized curve
a(t) = (cost,sint,2cost,2sint).

Show that if X is parallel along «, then X has constant length.

Define parametrization of a segment of the plane curve C' containing p.
Define the circle of curvature of a plane curve.

Give Frenet formula for a plane curve.

Let S be an oriented n-surface in R, let p € S, and let {ky(p), ..., k. (p)} be
the principal curvatures of S at p with corresponding orthogonal principal curvature
directions {vy, ..., v, }. Prove that the normal curvature k(v) in the direction

v € S, isgiven by k(v) = ki(p)(v-v;)? = ki(p cos® 6; where
P

6, = cos™(v - v;).

(1.5 x 10 = 15)

Section B
Answer any 4 (5 marks each)

Find the integral curve through p = (x1, z3) = (1, 1) of the vector field
X(p) = (p, 22, 1)
Let U be an open setin R"™!. X be a smooth vector field on U. Suppose

a : I — Uisan integral curve of X with a(0) = «(tg) for some
to € I, ty # 0. Show that « is periodic.
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Let S be a 2-surface in R® and let o : I — S be a geodesic in S with & # 0. Prove
that a vector field X tangent to S along « is parallel along « if and only if both
|| X]| and the angle between X and « are constant along .

Compute V, f where f(z1, z2) = 222 4 3z2,v = (1,0,2,1).
Describe the geometric meaning of Weingarten map.
Let V' be a finite dimensional vector space with dot productandlet L : V — V be a
self-adjoint linear transformationon V. Let S = {v € V : v - v = 1} and define
f: S — Rby f(v) = L(v) - v. Supposef is staionary at vg € S. Prove that
L(vg) = f(vo)vg.
(5 x4 =20)
Section C
Answer any 4 (10 marks each)

Let U be an open setin R"™! and let f : U — R be smooth. Let p € U be aregular
point of f, and let ¢ = f(p). Prove that the set of all vectors tangent to f ~!(c) at

pis equal to [V f(p)]*.
OR

Consider the vector field X(z1, z2) = (21, T, 2, 21) on R?. Fort € R and

p € R?, let ¢, (p) = o, (t) where a, is the maximal integral curve of X through p.
Prove that £ — ¢; is @ homomorphism from the additive group of real numbers into
the group of one to one transformations of the plane.

Let S be an n-surface in R" ™, let p,q € S, and let a be a piecewise smooth
parametrized curve from p to g. Prove that the parallel transport P, : S, — S,

along av is a vector space isomorphism which preserves dot products.
OR

Let S be a compact connected oriented n-surface in R™ ™! exhibited as a level set
f71(c) of a smooth function f : R™™* — R with V f(p) # 0 Vp € S. Prove
that the Gauss map maps S onto the unit sphere S™.

Prove that the Weingarten map Lp is self-adjoint.
OR

Let C' be a connected oriented plane curve and let 3 : I — C be a unit speed global
parametrization of C. Then prove that

(i) B is either one to one or periodic.

(i) B is periodic if and only if C'is compact.

(i) Find the Gaussian curvature of ¢(t, ) = (cos 8, sin 6, t)

(ii) Prove that on each compact oriented n-surface S in R™! there exists a point p

such that the second fundamental form at p is definite.
OR

Let S be an oriented n-surface in R™ ! and let v be a unit vector in Sp, p € S.
Then prove that

(i) There exists an open set V' C R™"! containing p such that S N N¥)NVisa
plane curve. o

(ii) The curvature at p of this curve is equal to the normal curvature k(v)

(10 x 4 = 40)



