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Section A
Answer allthe following (1.5 marks each)

L. Define a bounded linear operator. Give an example.

2. lf Yisa subspace of avectorspaceXand /, a linearfunctionalon Xsuchthat f(Y)
is not the whole scalar field of X, show that /(g) : 0 for all y e Y-.

3. State and prove Pythagorean theorem in an inner product space.

4. In an innerproductspace, il (rru) : (r,u)forallr, provethatu: u

5. lf Y is a closed subspace of a Hilbert space f/, prove that Yr is also a closed

6. lf Y is a closed Subspace of a Hilbert space f/, prove that Y n yr : {0}.
7. Prove that every bounded linear functional f on 12 can be represented in the form

oo

f(*) -- D&rA,*: (t) € 12 and z: (nj) isafixed etementof 12.
j:1

8. lf U: H -+ H isa unitaryoperatorona Hilbertspacef/,then provethatUis
isometric.

9. lf T e B(XrY), where X and Y are normed spaces and a is a scalar, prove that

(oT)" : qT*
1O. Prove that I l. ll is a sub linear functional.

(1.5x10=15)

Section B

Answer any 4 (5 marks eachl

Lt. Prove that the inverse of a bounded linear operatoL if it exists, need not be bounded.

L2. Let 7 : ClO,l] -+ C[0, 1] be defined by
pt

y(t) : I r(s)ds : T(n(t)). Find Rg)and ?-1 : R(T)-+ C[0,t]. tsT-1
Jo

linear and bounded? Justify.

13. Prove that Ip with p I 2 is not an inner product space. ls 12 an inner product space?
Justify.

L4. Prove that in an inner product space X, frn -+ r and Un ) y imply
(al (*n,Ul -+ (*,yll, (b) (2, ynl -+ (r,y) and (cl (rn,ynl -+ @,y).



15. tf h is a bounded sesquilinear functional defined as X x Y (X and Y are normed
spaces), prove that

d.nn + u implie s h(r*A) -+ h(*,g)
b.yn -+ y implies h(*,y") -+ h(n,y)
c. nn -+ r and Un ) g imply h(*n,yn) -+ h(*,y), when (ar) is a sequence in

X, (y") is a sequence in Y, fr e X and y € Y

16. lf Xisanormedspace, r € Xandg*isafunctional definedonX'bVg*(l): f(*)
for al! f e X' ,then prove that g, is bounded linear and llgr ll : llrll

(5x4=20|

Section C

Answer any 4 (10 marks each)

L7 .t. a. Prove that on a finite dimensional vector space X arry nofln I l. I I ir equivalent
to any other norm

b. If a normed space X has the property that the closed unit ball
M : {r € )(lllrll < 1} is compact, than prove that X is finite dimensional.

OR

2. a. Prove that every linear operator defined as a finite dimensional named space
X is bounded. Will all linear operators T : R -+ B be bounded? Justify.

b. Let T : D(T) -+ Y be a bounded linear operator, where D@) C X,X is a
normed space and Y is a Banach space. Then prove that 7 has an extension

f , D@) -+ Y,where f is bounded linear and I lf I I : ll"ll.

18.1. a. If X is an inner product space, prove that

l\*,dl < llrll llyll for all n,s e x
Also prove that the equality holds if and only if {*,a} is a linearly dependent
set.

b. Prove that the norm induced by the inner product in an inner product space X
satisfies ll, + yll S llzll + llyll for all n,A € X, where the equality holds if
and only if either A :0 or fr : cy (cis real and non-negative).

OR

2. a. Let Y be a subspace of a Hilbert space f/. Then prove that:
(i) If f is finite dimensional, then Y is complete.
(iD If H is separable, so is Y.

b. Show that for.a sequence (2") is an inner product space X the conditions

llr"ll -+ llrll and (rn,a) -+ (r,*)

imply the convergence x,n -+ fr.



Lg.L. a. Let X be an inter product space and M * Q be a convex subset which is

complete. Then for any r e X prove thatthere exists a unique y e M such
that6 :infEeull* _ 0ll : ll, _ sll

b.lf M isacompletesubspaceY,then provethatz - r - gisorthogonaltoY

OR

2. a.lf H is a separable Hilbert space, then prove that every orthonormal set in f/
is countable

b. lf a Hilbert space f/ contains a total orthonormal sequence, then prove that
I/ is separable.

c. Letf/bea Hilbertspace, S: H -+ H andT z H + f/twoboundedlinear
operators. Then prove that

i. (,ST)- :7*,9*
ii. (a?)- : a T* (a is a scalar)

z0..t. a. Define a sub linear functional on a rea! vector space X
b. State and prove Hahn Banach theorem for a real vector space.

OR

2. a. State and prove the generalized Hahn Banach theorem.
b. lf p is a real valued functional defined on a vector space X, satisfying

p(r*0<p@)+p(y)

and p(ar) : lolp@) for all r, A e X and for all scalars o, then prove that
p(0) : 0 and p(n) > 0forall * € X.

(10x4=40)


