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Section A
Answer all Questions (1.5 mark each)

Prove that the outer measure of the set of all rationals in [0,1] is zero.
If m*A = 0, then prove that m* (A U B) = m* B for any set B.

Give an example of a decreasing sequence < F,, > of measurable sets such that
m (N°E,) # limmkE,.

Define a step function. Give an example.

If fis integrable over a measurable set F of finite measure and 4 < f < B, then prove that
AmE < fE f < BmE. Hence, prove that there

exists A < k < Bsuchthat [, f = kmE. Deduce that fab f=k(b—a).
If f is integrable, then prove that f is finite valued a.e.

Let *c' be a constant and f be a measurable function defined on X, where (X, B) is a measurable
space.
Then prove that cf and f -+ c are measurable.

If 4 is a measure on an algebra @ and ™ is the outer measure defined by u, prove that
pwA=puAif A ca.
Prove that every finite measure is a o-finite measure but the converse of it is not true.

Let 42 and  be complete measures. Show that 1 X v need not be complete.

(1.5 x 10 = 15)
Section B
Answer any 4 (5 marks each)
(a) Define the bmary operation sum modulo 1 (+ ( )on [0,1).
(b) Prove that + is associative and commutative.
(c) What is the inverse of any z € [0, 1) under 12,
(a) Define cantor ternary set. Is it measurable? Justify. (b) Show that Cantor ternary set has

measure zero.

>0
Let (u,,) be a sequence of non-negative measurable functions and let f = > uy,. Then prove

1
thatffzifun.
1

Let f and g be integrable over E. Then prove that
(a) The function cf is integrable over E'and [, cf = ¢ [, f (cis a constant)
(b) The function f + g is integrable over E and

[u+a=[1+]a
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Let @ be an algebra of subsets of a space X. If A € @ and if (A;) is any sequence of sets in @ such

0.¢] <
that A C |J A;, then prove that pA < > uA,.
i=1 i=1

Prove that S x J = M, (£).

(5 x 4 = 20)
Section C
Answer any 4 (10 marks each)

(a) Let f be an extended real valued function whose domain is a measurable set. Prove that the
following statements are equivalent

(i) for each real number o, {x : f(z) > a} is measurable.

(i) for each real number «, {z : f(z) > a} is measurable.

(iii) for each real number a, {z : f(x) < a} is measurable.

(iv) for each real number a, {z : f(z) < a} is measurable.
(b) If £ is Lebesgue measurable, prove that {z : f(z) = a} is measurable for all extended real
numbers a. |

OR

(a) If f is a measurable function, then prove that M = {E : f1(E) is measurable} is a
o-algebra.
(b) If Bis a Borel set, prove that f_l(B) is measurable.
(c) If <fn> is a sequence of measurable functions (with the same domain), then prove that

(i) sup{ f1, f2, ..., fn} is measurable.

(ii) sup,, fn is measurable.

(iii) lim £, is measurable.
(a) Define Riemann integral of a bounded function over a finite closed integral la, b interms of
step functions.

(b) Define Lebesgue integral of a bounded measurable function defined on a measurable set E
with mFE finite.

(c) Let f be a bounded function defined an [a, b|. If fis Riemann integrable, then prove that it is
measurable and

R/abf(:c)da: = [f(a;)d:c. d
OR

(a) State and prove Bounded Convergence theorem. (b) State and prove Fatou's lemma.

(a) State and prove Hahn decomposition theorem.
(b) Give an example to show that the Hahn decomposition need not be unique.
OR

(a) Let (X, B, 1) be a measuer space and f be a measurable function defined on X such that
[ fd is defined. Prove that the set function v defined on B by vE = fE fdu is a signed
measure.

(b) Find a Hahn decomposition of X w.rt. v
(c) Find a Jordan decomposition of v.

If £ €S x J,then provethatforeachz € Xandyc Y, FE, € Jand EY € S.
OR

Let f be a non-negative S x J measurable function and let ¢(z) = [}, fodv, ¥(y) = [y f¥dp
foreachz € X andy € Y. Then prove that ¢ is S-measurable and v/ is J-measurable and

){qbd,u = [x.y fd(u x v) = [ ydv.

(10 x 4 = 40)



