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Section A
Answer all Questions (1.5 mark each)

L. Prove thatthe outer measure of the set of all rationals in [0,1] is zero.

2. lf m* A : 0, then prove that rn* (A o e) : TrL* B for any set B.
3. Give an example of a decreasing sequen ce I En ) of measurable sets such that

m (n7 O") I limnlDn.
4. Define a step function. Give an example.

5. lf /isintegrable overa measurablesetEof finite measure andA < / < B,then provethat
AmE a I, f I BmE. Hence, prove that there

exists/. < k < Bsuchthat/, I : kmE.Deduce that [: f : k(b - a).

6. lf / is integrable, then prove that / is finite valued a.e.

7 . Let 'c' be a constant and / be a measurable function defined on X, where (X, B) is a measurable
space.

Then prove that c/ and f * c are measurable.

8. lf 1t' is a measure on an algebra 0 and p* is the outer measure defined by p, prove that
p*A:pAitAea.

9. Prove that every finite measure is a o-finite measure but the converse of it is not true.
10. Let pl and z be complete measures. lhow that pl x z need not be complete.

(1.5x10=15)
Section B

Apswer any 4 (5 marks each)

L1-' (a) Define the binary operation sum modulo 1(i)on [0,1).

(b) Prove that i is associative and commutative.

(c) What is the inverse of any z € [0, 1) under i?.
12. (a) Define cantor ternary set. ls it measurable? Justify. (b) Show that Cantor ternary set has

measure zero.

13' let (ur) be a sequence of non-negative measurable functions and let / : i ur. Then prove
1

oothat/f:DIu,.
1

L4. Let / and g be integrable over E. Then prove that
(a)The function c/ is integrable over E and [o"f : c Ip/ (c is a constant)
(b) The function f + g is integrable over E and

[-o * n): I,r + l,sJe
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15. Leto,beanalgebraof subsetsofaspace X.ltA €G,andtr\At) isanysequenceof setsinOsuch

that a . U A;, then prove that prA < i pno.
i-L i.:L

16. Provethat S x J: M.(€).
(5x4=20)

Section C

Answer any 4 (10 marks each)

L7.L. (a) Let / be an extended real valued function whose domain is a measurable set. Prove that the
following statements are equivalent

(i)for each real number a, {r , f (r) > o} is measurable.
(ii)for each real number a,{r , f (r) } "} is measurable.
(iii)for each real number a,{r , f (r) < a} is measurable.
(iv) for each real number a, {r , f (r) < a} is measurable.

(b) lf / is Lebesgue measurable, prove that {z , f (*) - a} is measurable for all extended real
numbers a.

OR

2. (a) tf / is a measurable function, then prove that M : {E , f -1 (E) is measurable} is a

o-algebra.
(b) lf B is a Borel set, prove that /-1(B) is measurable.
(c) tf (/") is a sequence of measurable functions (with the same domain), then prove that

(i) sup{fi ,, fz,. . . , f*} is measurable.
(ii)sup, /, is measurable.

(iii) Iim /, is measurable.

18.1. (a) Define Riemann integral of a bounded function over a finite closed integral [a, b] interms of
step functions.
(b) Define Lebesgue integral of a bounded measurable function defined on a measurable set E
withmE finite.
(c) Let / be a bounded function defined an [o, b).lf f is Riemann integrable, then prove that it is
measurable and

fbpb^Rl f@)dr: I y1r1ar.
Ja Jo

OR

2. (a) State and prove Bounded C6nvergence theorem. (b) State and prove Fatou's lemma.

19.L. (a) State and prove Hahn decomposition theorem.
(b) Give an example to show that the Hahn decomposition need not be unique.

OR

2. (a) Let (X, B,p) be a measuer space and / be a measurable function defined on X such that
I f ap is defined. Prove that the set function z defined on B by uE : [, f d,U is a signed
measure.
(b) Find a Hahn decomposition of X w.r.t. u
(c) Find a Jordan decomposition of u.

zO.L. lf E e S x J,then provd'thatforeach r € Xand y e Y,E, e J andEs e S.
OR

2. Let /be a non-negative 5 x ./measurablefunction and let$(r) : fv f*d,r,r!@) : [* foap
for each fr e X and y € y. Then prove that { is S-measurable and $ is J-measurable and

[ uap : {x,y f d(p x u) : f, gdu.
x

(10x4=40)


