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Section A
Answer any 10 (1.5 marks each)
1. LetX ={z € R|1 <z < oo}, taken with the usual metric of the real lineand 7' : X — X
. _ 1 . )
be defined by Tz = x + . Show that [Tz — Ty| < |z — y|, if  # y, but T" has no fixed
point.
2. |na Hilbert space H, prove that z,, g x if and only if
(Xp,2) — (x,2) forall z € H.
3. LetT, : > — I?> be an operator such that T'(z) = (0,0,...,0,&1,&,...,&, .. .)nzeroes,
where z = (§;) € 2. Prove that T}, is linear and bounded.
4. Define the eigen space corresponding to an eigen value A. Also prove that the eigen space is a
vector space.
5. Prove that the elements of a point spectrum of a linear operator are the eigen values of the
operator.
6. If X is an infinite dimensional normed space, prove that the identity operator on X is not
compact.
7. Prove that a bounded set need not be totally bounded.
8. LetTj and T} be bounded self adjoint linear operators on a complex Hilbert space H such that
T\T5 = 1517 and T5 > 0. Then show that T12T2 > 0.
9. LetQ = S'PS: H — H, where S and P are bounded linear operators on H. If P is a
projection and S is unitary, show that ) is a projection.
10. Define the Hilbert adjoint operator T'* of a linear operator 1" and prove that it is linear.
(1.5 x 10 = 15)
Section B
Answer any 4 (5 marks each)
11. (a) We know strong operator convergence need not imply uniform operator convergence.
lllustrate this by considering T, = f,, : I' — R, where f,(z) = §, andz = (§,) € IL.
(b) Let T}, € B(X,Y), where X is a Banach space and Y is a normed space. If (T, ) is strongly
operator convergent, using uniform boundedness theorem prove that (||T},||) is bounded.
12. Prove that in a finite dimensional normed space weak convergence implies strong convergence.
Also prove that a contraction 1" on a metric space is a continuous mapping.
13. Define the point spectrum, the continuous spectrum and the residual spectrum of a linear
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operator T' : ©(T') — X, where X is a non-zero complex normed space and © (T') C X. If
X is finite dimensional, prove that o.(T") = 0, (T) = ¢.
14. et A be a Banach algebra without identity. If we define A = {(z, a)|z € A, a is a scalar},
then prove that A is a Banach algebra with identity under the following operations

(z,0) + (y,8) = (z + y,a + ),
B(z,a) = (B, fa), (z,a)(y, B) = (zy + ay + Bz, ap)
(2, )| = [|z]| + ||

15. Let X and Y be two normed spacesand T’ : X — Y alinear operator. Then prove that T is
compact if and only if it maps every bounded sequence (z,,) in X onto a sequence (T'z,) inY
which has a convergent subsequence.

16. (a) Let M be the set of all bounded self adjoint linear operators on a complex Hilbert space H.
Prove that the relation *<' defined on M by T; < T} if and only if
(Thz,z) < (Tyz,x) VY € H, is a partially ordered relation.

(b) Let S'and T be bounded self adjoint linear operators on a Hilbert space H. If S > 0, show
that T'ST > 0.

(5x 4 = 20)

Section C
Answer any 4 (10 marks each)

17.1. (a)LetT : D(T) — Y be a linear operator, where D(T") C X and X and Y are normed
spaces. Then prove that T'is closed if and only if it has the following properties if (z,,) — z,
where (z,,) € D(T), and (Tx,) — y,thenz € D(T)and Tx = y.
(b) State and prove Banach Fixed point theorem.
OR

2.  (a)LetT : D(T) — Y be a bounded linear operator where D(T') C X and X and Y are

normed spaces. Then prove the following.(i) If D(T') is a closed subset of X, then T is closed.
(i) If T is closed and Y is complete, then D(T') is a closed subset of X.

(b) Let T be a closed linear operator from a Banach space X into a normed space Y. If T !
exists and T' 1 is bounded, then prove that R(T') is a closed subset of Y.

18.1. (a) If X is a non-zero complex Banach space and T' € B(X, X), then prove that o(T") # ¢.
(b) If T' € B(X, X), where X is a non-zero complex Banach space, then prove that

= lim /|77
n—oo

OR

2. (a)LetT : X — X beabounded linear operator on a complex Banach space X.
Prove that for any Ay € p(T'), R, (T') has the representation

OO . .
RA(T) = Y>> (A = Xo)?Ry, (T')’*! and the series is absolutely convergent within the open
=0

di b [[Ry DI
isc given by |A — Ag| < IRy, ( 7)||

(b) Let T' € B(X, X) where X is a complex Banach space. If A\, u € p(T'), prove the
following

(i) R/L — R, = (u — )\)RMR,\
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(i) Ry commutes with any S € B(X, X) satisfying ST =TS
(i) R\R, = R, R)
(a) Let X and Y be normed spaces and T' : X — Y a compact linear operator. Suppose ()

in X is weakly convergent, say x,, E) x. Then prove that (Txn) converges strongly to T'x.
(b) Show that T' : I*° — [°° defined by Tz = y, where z = (§;) € [ andy = (n;),

& . .
n; = 7] is compact linear.
OR

(a) Let Y be aBanach spaceand T}, : X — Y, n = 12,3, ...be operators of finite rank. If
(T},) is uniformly operator convergent to 7', show that 1" is compact.

(b) Show that the projection of a Hilbert space H onto a finite dimensional subspace of H is
compact.

(c) Show that T" : I — [? defined by Tz = y = (n;), n; = S

2T = (&;), is compact.

(a) For any projection P on a Hilbert space H, prove the following

(i) (Pz,z) = || Pz||”

(i)P >0

(iii) || P|| < 1;||P|| = 1if P(H) # {0}.
(b) (i) If P; and P, are two projections on a Hilbert space H, then prove that P = P; P, is a
projection on H if and only if P; P, = P, P;. In such a case prove that P projects H onto
Y =Y, NY; whereY; = Pj(H); 7 = 1,2 (ii) Prove that two closed subspaces Y and V of
H are orthogonal if and only if their corresponding projections satisfy Py Py = 0.
OR

Let (Pn) be a monotone increasing sequence of projections P,, on a Hilbert space H.
(a) Show that (P, ) is strongly operator convergent (P, — P,Vz € H) and the limit
operator P is a projection on H

(b) Prove that P(H) = fj P,(H)
n=1

o0

(c) Prove that N(P) = [ N(P,)
n=1

(10 x 4 = 40)
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