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Time : Three Hours Max. Marks: 75

PART A
Answer All  (1.5 marks each)

1. Prove that [0,1] is uncountable.
2. Give an example of a non-measurable funcƟon.
3. Let  and  be measurable with . If  is measurable, show that

4. Give an example of a Lebesgue measurable funcƟon which is not Riemann integrable.
5. Define canonical representaƟon of a simple funcƟon.
6. If  is a non -negaƟve simple funcƟon and , then  prove that .

7. Let  be a measure space and  be a non-negaƟve measurable funcƟon defined on
. Prove that the set funcƟon  defined as  by  is  a measure.

8. Let  be any uncountable set and  be the family of all subsets  of , which are either
countable or the complement of a countable set. Prove that  is a - algebra of subsets of .

9. Let  be a measure space and . 
Let  consists of those sets of  that are contained in . 
Set  if . 
Then prove that  is a measure space.

10. If , then prove that  and .

PART B
Answer any 4 (5 marks each)

11. (a) If  and  are two measurable sets, then prove that  is measurable. 
(b) If  is a measurable set, prove that  is measurable. Deduce that  and 
are also measurable.

12. For  and , let  show that, 
(i)  and 
(ii)  is measurable if and only if  is measurable.

13. Let  be a sequence of non-negaƟve measurable funcƟons and let . Then prove

that .

14. Let  and  be integrable over . Then prove that
(a) The funcƟon  is integrable over  and  (c is a constant)
(b) The funcƟon  is integrable over  and 
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15. (a) If  is a sequence of sets in , where  is a measure space, then prove that 

(b) Let  be a countable collecƟon of measurable sets. Then prove that 

16. Prove that , the -algebra generated by .

PART C
Answer any 4 (10 marks each)

17.1. (a) Prove that the collecƟon  of all measurable sets is a -algebra. 
(b) Prove that  is measurable for all .

OR

    2. (a) If  is a measurable funcƟon, then prove that  is a
-algebra. 

(b) If  is a Borel set, prove that  is measurable.
(c) If  is a sequence of measurable funcƟons (with the same domain), then prove that 
     (i)  is measurable. 
     (ii)  is measurable. 
     (iii)  is measurable.

18.1. (a) Define Riemann integral of a bounded funcƟon over a finite closed integral  interms
of step funcƟons.
(b) Define Lebesgue integral of a bounded measurable funcƟon defined on a measurable set

 with  finite.
(c) Let  be a bounded funcƟon defined an . If  is Riemann integrable, then prove that
it is measurable and 

OR

    2. (a) Let  be defined and bounded on a measurable  with  finite. Prove that 
 for all simple funcƟons  and  if and only if  is

measurable.
(b) Using (a) give the definiƟon of Lebesgue integral of a bounded measurable funcƟon over
a measurable set  with  finite.  
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19.1. (a) Let  be an extended real valued funcƟon defined on , where  is a measurable
space. Then prove that 
the following statements are equivalent:
     (i) 
     (ii) 
     (iii) 
     (iv) 
(b) If  is a complete measure and  is a measurable funcƟon, then prove that  a.e.
implies  is measurable.

OR

     2. (a) State and prove Jordan decomposiƟon theorem.
(b) Let  be a measurable set such that . Then prove that there is a posiƟve
set  with .

20.1. If  is an algebra, then prove that 

OR

    2. Let  and  be -finite measure spaces. For  , write
 and  for all  and . Then prove that  is

-measurable and  is -measurable and .
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