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Part A
Answer any five questions. Each question carries 2 marks

1. Show that the outer measure of a countable set is zero.

2. If  m*(E)=0, then show that E is measurable.

3. Let f be a non negative measurable function. Show that Ef =0  implies 
f=0 a.e. in E.
4. Show that if      f(x) = 0, x irrational        1, x rational

      Then 
R ∫

a

− b

f (x )dx=b−a
 and 

R ∫
− a

b

f (x )dx=0
.

5. If f and g are bounded measurable functions defined on a set E of finite 
measure then show that

                             
∫
E

af +bg=a∫
E

f +b∫
E

g

6. If   A є B, B є B, and A C B, then show that µ (A)≤ µ(B), where B is the σ – 
algebra generated by the set of subsets of  X.

7. Define a positive set. Show that the countable union of positive sets is 
positive.
8. If a sequence of measurable functions converges  in measure then show 

that the limit function  is     unique almost everywhere.

2 x 5 = 10
Part B

Answer any five questions. Each question carries 5 marks

  9. Show that the outer measure is countably sub additive.
10. If f and g are two measurable functions, then show that f + g, f.g are measurable.
11. Show that if f  is a measurable function and f = g a.e., then g is measurable.
12. Let < fn> be a sequence of measurable functions defined on a set E of finite measure and 
      suppose that there is a real number M such that  |f(x)|≤ M for all n and x. If f(x) = lim fn(x) for 

      each x in E, show that  
∫
E

f =lim∫
E

f n
.

13. If f and g are bounded measurable functions defined on a set E of finite measure, show that

       (a) If f = g a.e.,  
∫
E

f =∫
E

g

       (b) If f ≤ g a.e., 
∫
E

f ≤∫
E

g

14. State and prove Hahn decomposition theorem.
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15. Show that if E є S XT, then for each x є X and y є Y, Ex є T  and Ey є S.

16. If A є a, where a is a σ-algebra on some non empty set X, then show that A is measurable algebra on some non empty set X, then show that A is measurable 
     with respect to µ*.                                                                                                    

5 x 5 = 25

Part C
Answer either part I or part II of all questions. Each question carries 10 marks

17. I.(a). Show that the outer measure of an interval equals to its length
        (b). Show that the interval (a, ∞) is measurable.
     II. (a). Show that every Borel set is measurable.
         (b). Let <En> be an infinite decreasing sequence of measurable sets, that is a sequence with 
                Enᴄ En+1 

               for each n. Then show that

m(intersect
i=1

∞

E i)= lim
n→∞

m( En )
.

18.I. (a). State and prove Fatou’s lemma.
         (b). State and prove Monotone Convergence theorem.
    II. Let f be an increasing real valued function on the interval [a,b]. Then show that f is   
        differentiable almost everywhere, the derivative f’ is measurable and    

         
∫
a

b

f ' ( x )dx≤ f (b )−f (a )

.
19. I. (a). Suppose that for each α in a dense set D of real numbers there is assigned a set Bα є B 

            such that µ(Bα -algebra on some non empty set X, then show that A is measurable  Bβ)=0 for α<β. Then show that there is a measurable function f such that f ≤
α  a.e. on Bα and f ≥ α a.e. on X-algebra on some non empty set X, then show that A is measurable  Bα. If g is any other function with this property, show that  
g = f  a.e.

  (b). Let E be a measurable set such that 0< ν(E)<∞. Then show that there is a positive set A    
        contained in E with ν(A)>0.
      II. State and prove Caratheodory Theorem.

20. I.(a). If {fn} is a sequence of measurable functions which is fundamental in measure, then 

              show that  there exist a measurable function f such that f n → f in measure.

        (b). Let f n → f in measure, where f and each fn are measurable functions. Then show that

               there is a subsequence {ni} such that 
f n i

→ f
a.e.

   II. (a). If A is an algebra, then show that the algebra generated by A is the smallest monotone 
             class containing A.
      (b). Let f be a non negative S XT-algebra on some non empty set X, then show that A is measurable  measurable function and let

φ( x )=∫Y
f x dν , ψ ( y )=∫X

f y dμ

              for each xєX, yєY; then show that φ  is S-algebra on some non empty set X, then show that A is measurable  measurable, ψ is T-algebra on some non empty set X, then show that A is measurable  measurable and     

              ∫X
φdμ=∫XΧYY

fd ( μΧYν )=∫Y
ψdν

. = 40                                                            4 x 10
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